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Abstract. An optimal harvesting policy which depends on the market price is derived when 
maximization of present value of economic rent is the management objective. An equation is 
derived whose solution represents the optimal age of harvest. The sensitivity of the optimal 
age of harvest to biological and economic parameters is also studied. 
1. MAXIMIZING THE PRESENT VALUE OF ECONOMIC RENT 
In this section, we consider the problem 
maxPV= J [p(h)/3 - C(z, h)]e”‘dt 
such that 5 = p(z) - h(t) h(t) > 0, (ph - C) > 0 where f(z) = zm - z. 
p(h) = price per unit when harvest rate is h 
C(z, h) = total cost of harvest 
(1.1) 
Invoking the maximum principle of Pontryagin converts the maximization problem to the 
analysis of the following coupled two-dimensional non-linear system of ODE. 
i(t) = f(x) - h(t) (l-2) 
i(t) = A[-f’(x) + r] + cz (1.3) 
ch = P(h) + bh - A(t) 
where X(t) is the imputed marginal value of the unharvested resource. 
If the assumption 
(1.4 
ph = c, = 0 
is made, two optimal equilibrium solutions are possible. 
(1.5) 
Result I: One optimal equilibrium solution can be obtained by solving the equation 
f’(x) = P (1.6) 
which is a familiar one from economic capital theory. To determine the optimal equilibrium 
harvest rate, substitute the solution of equation (1.6) into the equation 
h = f(z). 
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Result II: A second optimal 
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equilibrium solution can be obtained by assuming 
x=0 (1.8) 
This assumption leads to the equation 
Ch = P 0.9) 
which is a familiar condition in microeconomics theory. Equation (1.9) is solved for the 
optimal equilibrium harvest rate once the unit market price of the resource is known. The 
corresponding optimal equilibrium biomass level follows from (1.7). 
The following optimal harvesting scheme results: 
if h,t. < h,,, 
if hopt. L h,sr 
(1.10) 
where hopt. is the solution of equation (1.9). The harvesting scheme (1.10) is a hybrid of 
profit maximization and MSY management principles. In order to adapt this result to 
the control of open-access renewable resources, an additional incentive, in the form of a 
social benefit accruing from conserving the resource base, may be needed to promote strict 
adherence. 
Jlesult III: If the marginal quantities ph and Ct are nonzero, the following conditions 
result: 
A>Oandt> e 
[ 1 
$xJ 
(1.11) 
XcOandt< e 
[ 1 
* 
(1.12) 
Conditions (1.11) lead to an increased harvest rate, while conditions (1.12) lead to a de- 
creased one at equilibrium. 
2. THE OPTIMAL AGE OF HARVEST 
In this section, the focus is on the optimization problem: 
lylgPV= 
J 
e”‘{(p - d)B(t) - c}E(t)dt 
n 
such that h =B(&a-E(i)), 05E(t)~E”, where Q, a compact set, represents 
the harvesting season, 
P = unit market price of harvested biomass, 
c = unit cost of effort, 
d = royalty or tax per unit biomass harvested. 
i = -(a + J!?(t))t(Q z(0) = R (2.1) 
describes the population dynamics of a renewable resource under harvesting, 
ti=W”-W, W(O) = wo (2.2) 
describes the biomass growth of individual members of the resource population, and 
B(t) = z(t)W(t) (2.3) 
represents the aggregate resource biomass function. 
It is transparent that the proportional growth rate in biomass 
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ti -= 
1 - w,(l-m) 
W e(l-ml’ _ (1 _ w,‘l-m)) (2-4) 
is a decreasing function oft. As a consequence, the optimal biomass function for the above 
optimization problem 
is a decreasing function and has a vertical asymptote at t = t, where 
t, = &ln[(l-W~l-m’) (l+-$---1. 
(2.5) 
(2.6) 
Result IV: Rational harvesting of the resource population with or without the application 
of royalties terminates at the instant of maximum natural biomass, given by 
t/b, WO, a] = &In[(l-W~lBm)) (I+:)] (2.7) 
Result V: The optimal harvesting season R* 
harvest determined by the equation 
= [ir,tl] where t, is the optimal age of 
e -air (l+a+r)f [ (*I - f(l-n,] = &-Cd) P-8) 
f = 1 - (1 - w~-m)e-O-m)~~ (2.9) 
Result VI: The assumptions of negligible unit cost of harvesting and zero discount rate 
are equivalent in that they produce the same optimal age of harvest defined by (2.6). 
Result VII: The use of royalties has the effect of increasing the optimal age of harvest. 
&sult VU: The optimal age of harvest is a decreasing function of the social discount 
rate, the annual rate of recruitment to the resource stock and the natural mortality rate. 
However, the optimal age of harvest is an increasing function of the unit cost of harvesting 
and population parameter (m) up to a certain extent. 
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Result I& The proportion of the maximum sustainable yield that is harvested at the 
optimal age is a decreasing function of the population parameter (m) when unit cost is 
negligible and discount rate is positive. 
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